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1. Introduction 

Super-Poincare covariant quantization of the ten-dimensional superstring is an impor- 
tant problem which has attracted many different approaches. Recently, a new approach 
0] was proposed using a BRST-like operator Q = § \ a d a where A a is a pure spinor 
worldsheet variable and d a are the super-Poincare covariant fermionic Green- Schwarz con- 
straints. Unlike all previous approaches, this pure spinor approach was used to construct 
physical vertex operators and compute non-vanishing superstring tree amplitudes in a 
manifestly super-Poincare covariant manner. 

Because the BRST-like operator Q involves second-class constraints, its construction 
is non-conventional so the validity of the pure spinor formalism needs to be verified. Pre- 
vious steps in this direction include showing that the co homology of Q reproduces the 
light-cone Green-Schwarz (GS) spectrum [|J and that tree amplitudes involving external 
massless states (with up to four fermions) coincide with the Ramond-Neveu-Schwarz (RNS) 
computations 0. 

In this paper, we shall provide further evidence for the validity of the pure spinor for- 
malism by finding a field redefinition and similarity transformation which maps the BRST- 
like operator Q = § \ a d a into Q' = Qrns + § V where Qrns is the RNS BRST operator 
and rj is the RNS variable coming from fermionization of the super-reparameterization 
(/3, 7) ghosts HJ]. This map will then be used to relate physical vertex operators and tree 
amplitudes in the two formalisms. 

In a fixed picture, the cohomology of Q' = Qrns + § V in the "large" RNS Hilbert 
space is the same as the cohomology of Qrns in the "small" RNS Hilbert space.i However, 
as will be shown, picture-changing is a gauge transformation if one uses Q' in the "large" 
Hilbert space. So although any physical state can be represented by vertex operators in 
different pictures in the cohomology of Qrns, ah such vertex operators are equivalent in the 
cohomology of Q' . This will be important since spacetime-supersymmetry transformations 
in the RNS formalism only close up to picture-changing. 

As was shown in |J, there is a field redefinition from the ten-dimensional RNS vari- 
ables "i/> m , 6, c, /3, 7) into GS-like variables which manifestly preserves six spacetime 
supersymmetries and a U(5) subgroup of the Wick-rotated SO(10) Lorentz group. The 
worldsheet variables in this GS-like description of the superstring consist of ten spacetime 

2 In the language of [||, the "large" and "small" RNS Hilbert spaces refer to the spaces with 
and without the £ zero mode. 
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coordinates x m for m = to 9, six fermionic superspace coordinates (9 + ,9 a ) and their 
conjugate momenta (p+,p a ) for a = 1 to 5, and two chiral bosons (s,t). 

The next step in relating the RNS and pure spinor formalisms is to add a "topological" 
sector to the GS-like variables consisting of ten fermionic superspace coordinates and their 
conjugate momenta, (O a b,p ab ), as well as ten bosonic coordinates and their conjugate 
momenta, (u a b, v ab ). In order that physical states are unaffected by this topological sector, 
the BRST operator Q' will be modified to Qu(5) = Q' + % § UabP ab + ■■■■ Because of the 
standard quartet mechanism, states in the cohomology of Qjj(5) will be independent of the 
(Oab, P ab , u ab , v ab ) variables. 

The final step in relating the two formalisms is to find a similarity transformation 
R such that e~ R Qu(b) eR = § A a <i a where (6> a ,6> + ) combines with 9 a b to form a covariant 
spinor 6 a for a = 1 to 16, (p a ,p + ) combines with p ab to form a covariant spinor p a , and d a 
is constructed from (x m ,p a ,9 a ) in the usual super-Poincare covariant manner. Further- 
more, the chiral bosons (s,t) of the U(5) formalism combine with the bosons (u a b,v ab ) of 
the topological sector to form a pure spinor A a and its conjugate momentum where u a b 
parameterizes the ten-dimensional complex coset SO(10)/U(5). 

So after using the field redefinition to write any physical RNS vertex operator Urns 
in terms of U(5) variables, one can construct a vertex operator U in the cohomology of 
Q = § \ a d a by defining U = e~ R URNse R ■ Using this map from physical RNS vertex 
operators to physical pure spinor vertex operators, it is straightforward to show that the 
tree amplitudes in the two formalisms are identical. This justifies the rather unconventional 
normalization prescription of [0 for integrating over worldsheet zero modes in the pure 
spinor formalism. 

The only subtlety in relating the two formalisms is that although the operators Qu(5) 
and R are manifestly spacetime supersymmetric, they are not manifestly Lorentz invariant. 
So pure spinor vertex operators U obtained by this map do not necessarily transform covari- 
antly under Lorentz transformations. Note that the similarity transformation guarantees 
only that U transforms covariantly up to a BRST-trivial operator. However, evidence will 
be given that, with one exception which will be discussed in the following paragraph, there 
is always a suitable gauge choice for U which transforms covariantly. 

The one exception is the ghost-number —1 operator J d 2 z (i(z) b(z) where b is the RNS 
b ghost and fi(z) is a Beltrami differential. When mapped to the pure spinor formalism, 
there is no gauge choice for which this operator is super-Poincare invariant. Nevertheless, 
it will be argued that the OPE of this operator with any physical operator of positive 
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ghost number can be written in super- Poincare covariant form. Furthermore, this operator 
can be used in the pure spinor formalism to construct integrated vertex operators from 
unintegrated operators, to relate string antifields and fields, and to define tree amplitudes in 
a worldsheet reparameterization invariant manner. It is hoped that this ghost- number — 1 
operator will also be useful for computing loop amplitudes using the pure spinor formalism. 

Section 2 of this paper will review the pure spinor formalism of the superstring, and 
section 3 will review the RNS formalism using a modified definition of physical states in 
which picture changing is a gauge transformation. In section 4, a map will be found which 
takes the sum of the RNS BRST operator and 770 ghost into the BRST-like operator in 
the pure spinor formalism. In section 5, this map will be used to relate physical vertex 
operators and tree amplitudes in the two formalisms. In section 6, the b ghost will be 
constructed in the pure spinor formalism and section 7 will conclude with open problems 
and speculations. 

2. Review of the Pure Spinor Formalism 

2.1. Pure spinor s 

In this section, we shall review the relevant features of the pure spinor formalism of the 
superstring. Following the work of Siegel ||, the action in this formalism is constructed 
using a first-order action for the 6 a worldsheet variables where the fermionic conjugate 
momenta, p a , are independent worldsheet variables. In addition to the worldsheet variables 
(x m , 6 a ,p a ) for m = to 9 and a = 1 to 16, the action also depends on a bosonic "ghost" 
variable A Q satisfying the pure spinor condition 



A a 7 ^A^ = for m = to 9 




where 7^ and 7 m °^ are 16 x 16 symmetric matrices which form the off-diagonal blocks 
of the 32 x 32 ten-dimensional T-matrices in the Weyl representation. 
In worldsheet conformal gauge, the worldsheet action is 




(2.2) 



with the free-field OPE's 
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where S\ is the action for the pure spinor variable which will be described more explicitly 
in the following paragraphs. In the above action and in the rest of this paper, we shall 
ignore the right-moving degrees of freedom. The results of this paper are easily generalized 
to describe the heterotic, Type I, or Type II superstrings by choosing the right-moving 
sector appropriately. 

Since A a is constrained by ( |2.1| ), it is convenient to solve this constraint when defining 
S\. A parameterization of A a which preserves a U(5) subgroup of (Wick-rotated) S'O(IO) 
iJ 

A+ = e s , \ ab =u abl X a = -le- s e abcde u bc u de (2.4) 

o 

where a = 1 to 5, u ab = —u ba are ten complex variables parameterizing the SO(10)/U(5) 
cosetB, s is a complex phase, and the SO(10) spinor A a has been written in terms of its irre- 
ducible U(5) components which transform as (Is , 10 1, 5_|) representations of SU(5)u^^ 
The A a parameterization of ( |2.4j ) is possible whenever A + 7^ 0. 
Using the above parameterization of A a , one can define 

S\ = j d 2 z[dtds - \ ab du ab ] (2.5) 

where t and v ab are the conjugate momenta to s and u ab satisfying the OPE's 

t(y) a(z)-log(y-z), v ab (y) u cd (z) - 8^6 b J (y - z)~ l . (2.6) 

Note that the factor of | in the v ab du ab term has been introduced to cancel the factor of 
2 from u ab = —u ba . Also note that s and t are chiral bosons, so their contribution to ( |2~5| ) 
needs to be supplemented by a chirality constraint. Furthermore, the zero modes of s and 
t can only appear through the exponentials e ms+nt for integers m and n. 



3 To simplify comparison with the U (5) formalism of []5| , the u a b variables defined here differ 
from those of []IJ by a factor of e s (which was called 7 in [jl|). 

4 If one does not Wick rotate, the u a b variables of ( |2.4| ) parameterize the compact space 
50(9, 1) / (U(A) xlZ 9 ) where U(A) is a subgroup of the transverse SO (8) rotations and 1Z 9 represents 
the nine light-like boosts generated by M +m 0]. 

5 A simple way to obtain these U(5) representations is to write an SO(10) spinor using [± ± 
± ± zb] notation where Weyl/anti-Weyl spinors have an odd/even number of + signs. The Is 

component of A" is the component with five + signs, the 10i component has three + signs, and 

2 

the 5_3 component has one + sign. 

2 
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One can construct SO (10) Lorentz currents N mn out of these free variables as! 

N=-L(±u ab v ab +^dt-~ds), N b = u ac v bc -±5 b u cd v cd , (2.7) 

N ab = e s v ab^ ^ = e -s (r, dUab _ Uabdf _ + UacUbdV cd _ l UabUcdV «i) 

where N mn has been written in terms of its U(5) components (N, N b , N ab , N a b) which 
transform as (lo, 24 , IO2, 10_2) representations of SU(5)jj(iy The Lorentz currents of 
( pT7j ) can be checked to satisfy the OPE's 

N mn (y)X a (z) -> i( 7 ™)^^l, (2.8) 
z y z 



N kl ( )N mn (z) - V rn[l N k ^(z)-i 1 ^ l N k ^(z) _ 

y _ z (y-z) 2 



So although Sa is not manifestly Lorentz covariant, any OPE's of A° and N mn which are 
computed using this action are manifestly covariant. 
In terms of the free fields, the stress tensor is 

T = -\dx m dx rn - Pct d6 a + \v ab du ab + dtds + d 2 s (2.10) 

where the d 2 s term is included so that the Lorentz currents of (|2.7|) are primary fields. This 
stress tensor has zero central charge and can be written in manifestly Lorentz invariant 
notation as|| 

T = -I d x m dx m - Pa d9 a + ±- Nmn N mn - l(dh) 2 - 2d 2 h (2.11) 
where h is a Lorentz scalar defined in terms of the free fields by 

dh = l -u ab v ab + Ut + ~ds. (2.12) 
Note that h has no singularities with N mn and satisfies the OPE's 

h(y)h(z) -> - logfo - z), dh(y)\ a (z) -^\(y- z)- l \«(z). 

The operator 2 § dh will be identified with the ghost-number operator so that A Q carries 
ghost number +1. 



6 This construction can be obtained from [ffl by replacing u a b with u a be s as explained in 
footnote 3. Similar free-field constructions can be found in ||. 
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2.2. Physical states 

Physical states in the pure spinor formalism are defined as super-Poincare covariant 
ghost-number +1 states in the cohomology of the BRST-like operator 

Q=l\ a d a (2.13) 



where 

d a = Pa - \l^dx m - i 7 ^7m yse^Wd 6 (2.14) 

is the super-Poincare covariant Green-Schwarz constraint^. Note that Q 2 = since d a 
satisfies the OPE's 

d a (y)d p (z) - -(y - z)" 1 7^n m (z), d a (y)U m (z) -> (y - zy^dd^z), (2.15) 

where H m = dx m + hOj m dO is the supersymmetric momentum. Furthermore, Q is space- 
time supersymmetric since d a anticommutes with the spacetime supersymmetry genera- 
tors 

q a = j{p a + \l^dx m + ^7^7™ ^eWe 6 ). (2.16) 

For Q to be hermitian, A a must be defined to be a hermitian operator. Although the 
pure spinor condition of (|2.1| ) has no real non-vanishing solutions, this does not cause any 
inconsistency. Since the Hilbert space inner product does not have a positive definite norm, 
there is no reason why (A°)^A a must be an operator with positive eigenvalues ||10|| . Note, 
however, that when A° is hermitian, the (s : t,u a b : v ab ) variables have strange hermiticity 
properties. For example, using the notation of footnote 5, (A~ l ~ +++ ~ l ~)t = A" 1 ~ implies 
that (e s )t = -\e- s e abcdb u ab u cd . 

The physical vertex operator for the massless super-Maxwell multiplet is U = 
\ a A a (x, 9) where A a (x, 9) is the spinor gauge potential of super-Maxwell theory. QU = 
and 5U = QA implies that -D a (7mnpgr) a/3 ^4/3 = and 5A a = D a A where D a = 
of^ + \Q^l™f$m and mnpqr is an arbitrary five-form direction J/J. These are the su- 
perspace equations of motion and gauge invariances of super-Maxwell theory. 

Using the A a parameterization defined in ( |2.4j ), pure spinor vertex operators can 
be described in terms of unconstrained variables. However, not every function of the 
unconstrained variables is an allowed pure spinor vertex operator. The requirement of 
super-Poincare covariance implies that the function must transform as a finite dimensional 
representation under commutation with the Lorentz generators of ( |2.7| ), which implies 
that the (s,t,u a b,v ab ) variables can only appear in the Lorentz covariant combinations 
(A a , N mn , ^of©,©, and 00%) . 
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2.3. Tree amplitudes 

To compute iV-point tree amplitudes, one needs 3 dimension-zero vertex operators U 
and N — 3 dimension-one vertex operators V which will be integrated over the real line. 
For a given physical state described by the dimension-zero operator U, the dimension-one 
operator V can be defined by requiring that QV = dU. For the super-Maxwell vertex 
operator, one can check that 

V = d9 a A a (x, 6) + U m B m (x, 9) + d a W a (x, 9) + ^N mn F mn (x, 9) (2.17) 

where B m = \D al ^A p , = ^^(D a B m - d m A a ), and F mn = \D a { lmn )<* pW? = 

Tree amplitudes are then defined by the correlation function 
A= I dz 4 ...dz N ( Utizi) U 2 {z 2 ) U 3 (z 3 ) [ dz 4 V 4 (z 4 )... [ dz N V N (z N ) ). (2.18) 



As shown in || , this definition is independent of which three external states are represented 
by unintegrated vertex operators. Since the action of ( |2.2| ) is quadratic, the free field OPE's 
can be used to perform the integration over the non-zero modes of the worldsheet fields. 
The resulting expression, 

A = J dz 4 ...dz N ( f(k r , i] ri z r , A, 9) ) 

= j dz 4 ...dz N ( \ a \P\y aPl (k r ,r ]r ,z r ,9) ), (2.19) 

only depends on the external momenta k r and polarizations rj r , and on the zero modes of 
the A a and 9 a fields. Furthermore, the expression is cubic in A° since U carries ghost- 
number +1 and V carries ghost- number 0. 

The (A, 9) zero-mode integration will be defined by 

( X a X^Xy ot p 1 (k r ,r ]r ,z r ,9) > (2.20) 

= (^^n P ^)(^7 m ) a (^7") /3 (^7 P ) 7 /a / 3 7 (^, Tfr, *, ^=0- 

In other words, only the term proportional to (9'j mnp 9)('y m 9) oc ('y n 9) p('^p9) 1 in / a /9 7 con- 
tributes to the scattering amplitude. Since (9j rnnp 9)(X'j m 9)(Xj n 9)(Xj p 9) does not equal 
QA for any Lorentz covariant A, the zero mode prescription of ( |2.20|) implies that 

(A Q A^AVa/3 7 + QA) = (A Q A^AVa/3 7 ), (2.21) 
7 



so the amplitude is gauge invariant. This tree amplitude prescription was shown in PJ to 
be spacetime supersymmetric and was shown by explicit computation in H to coincide 
with the RNS tree amplitude prescription for massless external states with up to four 
fermions, In subsection (5.4) of this paper, the map from pure spinor vertex operators to 
RNS vertex operators will be used to argue that this tree amplitude prescription agrees 
with the RNS prescription for arbitrary external states. 



3. RNS Picture-Changing as a Gauge Transformation 

In this section, we shall discuss the relevant features of the RNS formalism using a 
modified definition of physical states where picture-changing is a gauge transformation. 

3.1. Picture- changing 

Physical vertex operators in the RNS formalism can be defined as ghost- number +1 
operators!! U which satisfy [|12 



VoU = QrnsU = 0, SU = QrnsVo^ (3.1) 

where 

Qrns = j[c{- l -dx m dx m - \^ m d^ m - ndi - X -dm - d 2 ^ - bdc) (3.2) 

+r 1 e^^ rn dx m - r]dr]e 2ct, b] 

is the RNS BRST operator and r]o is the zero mode coming from fermionizing the (/3, 7) 
super-reparameterization ghosts as (3 = d^e~^ and 7 = rje^ ||. Note that rj Q U = implies 
that U is in the "small" Hilbert space and that any gauge parameter in the "small" Hilbert 
space, O, can be written as O = ?yoA for some A. 

It might seem surprising that Qrns and t/q appear symmetrically in the definition 



of (|3.1|) . However, note that in the "large" Hilbert space, both Qrns and 770 have trivial 
cohomologies. The cohomology of Qrns is trivial in the "large" Hilbert space since any 
state U satisfying QrnsU = can be written as U = QRNs( c £,d£, e ~ 2< ^U). And the 
cohomology of r/o is trivial in the "large" Hilbert space since any state U satisfying r/oU = 
can be written as U = r)o(£U). 



7 As in [11], we shall define the ghost-number operator as <f>(cb + r/£) so that 77 carries ghost- 
number + 1. This definition agrees with the ghost-number operator <f>(cb—d(f)) of Q at zero picture, 
but has the advantage of commuting with picture-changing and spacetime-supersymmetry. 
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Using the picture-raising operation, 



U p+1 = {Qrns,ZU p } (3.3) 

or the picture-lowering operation, 

Up- 1 = { Vo ,c^e- 2 ' t> Up}, (3.4) 

any physical state represented by the vertex operator Up of picture P can also be repre- 
sented by a vertex operator of arbitrarily higher or lower picture. As will now be shown, 
this redundancy in describing physical states can be removed by defining physical vertex 
operators as ghost-number +1 operators in the cohomology of Q' = Qrns + Vo- 

3.2. Cohomology of Q' 

To show that the cohomology of Q' = Qrns + Vo correctly reproduces the physical 
spectrum, consider a vertex operator U annihilated by Q' of the form U = X]p=p_ Up 
where U P carries picture P and P ± are the highest/lowest picture! Since Quarries 
zero picture and rjo carries —1 picture, Q'U = implies that rjoU p_ = 0, which implies that 
Up_ = rjoQp_ + i for some fip_+i of picture P- + 1. Then after the gauge transformation 
8U = —Q'Qp_ + i, U = J2p=p_ + iUp where Up_ + i is now Up_ + i — Qrns^P-+i- This 
procedure can be continued until U = Up, where Q'Up, = 0. But this implies that 



QrnsUp + = t]qUp + = 0, so Up, is a physical state using the definition of (|3.1|) . 

To show that this physical state is not pure gauge, suppose that U = Up + = Q'A for 
some A. Then A = A P+ + Ap ++1 where 

U = QrnsA p+ + r) A P++1 , (3.5) 

QrnsA p++ i = rj A P+ = 0. (3.6) 



The Qrns an d rjo cohomologies are trivial in the "large" Hilbert space so ( pTq) implies 
that A P++ i = Q R Ns{.c^d^e~ 2 ^Ap ++1 ) and A P+ = 770 (£A P+ ). Plugging into O, one finds 

U = Q RNS Vo(-cCdCe- 24, Ap ++1 + CAp + ), 



8 Only vertex operators involving a finite number of picture will be allowed in the Hilbert 
space. If vertex operators involving arbitrarily high (or low) picture were allowed in the Hilbert 
space, the cohomology of Q' would be trivial. 
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which implies that U would have been pure gauge using the definition of (|3.1| ). 

So any state in the cohomology of Q' = Qrns + Vo determines a physical vertex 
operator using the definition of ( |3.1|) . Also, any two physical vertex operators which are 
related by the picture changing operations of ( |3.3|) or ( |3.4|) are described by the same 
state in the cohomology of Q' . For example, the vertex operator U and the picture-raised 
operator {Qrns,£U} are related by the gauge transformation 5U = Q'(£U). Similarly, 
the vertex operator U and the picture-lowered operator {770, c^d^e~ 2< ^U} are related by 
the gauge transformation 5U = Q'(c^d^e~ 2c ^U). 



4. Relating the RNS and Pure Spinor BRST Operators 

In this section, the operator Q' = Qrns + § V °f section 3 will be related to the 
operator Q = § X a d a of section 2. This will be done by first finding a field redefinition 
which maps Q' to a spacetime supersymmetric operator Qu(s), and then constructing a 
similarity transformation R which satisfies e~ R Qu{5) eR = Q- 

— — — - — — 1 A 

Because {q a 2 , <?g 2 } = "f™p § e~ ( t >, ifj Tn in the RNS formalism where q a 2 = § e~2^S Q 
is the spacetime supersymmetry generator in the — \ picture and E a is the spin field, the 

spacetime supersymmetry algebra only closes up to picture changing in the RNS formalism. 

_ 1 1 1 1 1 3 1 

Nevertheless, since {q a 2 , qa 2 } = 7^ § dx m where q^ 2 = ^(fr^ea^E^ + e2^7^E a 9x 7n ) 

is the spacetime supersymmetry generator in the +^ picture, one can make a subset of 

the algebra close by choosing some of the supersymmetry generators in the — \ picture 

and others in the +^ picture. However, this choice necessarily breaks manifest Lorentz 

invariance. As shown in and will be reviewed in the following subsection, U(5) is the 

maximum subgroup of the (Wick-rotated) SO(10) Lorentz group which can be manifestly 

preserved, which is the subgroup of SO (10) that leaves a pure spinor invariant. Other 

choices for the subgroup are useful for describing Calabi-Yau compactifications of the 



superstring |fl3f fP2 



4-1. Review of U(5) Formalism 

Under £7(5), the SO (10) spinor q a splits into (q + ,q ab ,q a ) which transform as 
(1_|, 10-i> 5s) representations of SU(5)u(iy If q+ is chosen in the +| picture and q a is 
chosen in the — \ picture, these six generators preserve the supersymmetry algebra since 
{Qa,qb} = {q+,q+} = 0. 
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With this choice of picture, it is natural to define 9 a = e^T, a and 9 + = c£e - ^£ + 
so that {q a ,9 b } = & b a and {q + ,9 + } = 1. One then defines conjugate momenta to 9 a and 
9 + by p a = e~^E a and = brjei^ > 'E + . Since the RNS variables include twelve fermions 
(ip m , 6, c) and two chiral bosons 7), there are still two independent chiral bosons which 
will be defined asi 



5 , 5 



da = -be - la* - \Y, ^~ V 20 " 1 , et = -ft + ^ + i J2 V> a °- V"" 1 - 

a=l a=l 

From the RNS OPE's, one finds that the only singular OPE's of (x m : 9 + , 9 a 1 p +1 p ai s, t) 



are 



x m (y)x n (z) -> -?7 mn log |y - ;z| 2 , 

^(^(y-*)" 1 . ^(y^W-^Cy-*)" 1 , «(y)t(*)-io g (y-*). 

In terms of these GS-like variables, the RNS stress tensor is 

T RNS = -^dx m dx m - p+d9+ - Pa d9 a + dsdt + d 2 s, (4.1) 
the RNS BRST operator is 

Qrns = f(e t \p a dx a - 9+dx a dx a +p a 9+d9 a + 89+ (ds + \dt)] (4.2) 

1 e 2t - s e abcde (p a p b p c p d p e - 59 + p a p h p c p d dx e )), 



120 

the RNS b and r\ ghosts are 

bRNS = e~ t p+, 77 = e s p+, (4.3) 

and the RNS ghost-number current is 

Jrns = cb + r]t = ds + dt, (4.4) 

where the SO (10) vector x m has been split into its U(5) components as x a and x a which 
transform as 5+i and 5_i representations of SU(5)u(i) and satisfy the OPE x a (y)x (z) — > 



9 These two chiral bosons are related to p and a of Q by s = \(—p + icr) and t = \(p + icr). 
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To relate Q' = Qrns + § V with Q = § X a d a , it will be convenient to first perform a 
unitary transformation on the GS-like variables (p + ,p a ,x a ) such that 

p ne W = p old + 1 QaQ^ p neu> = p old _ }_ 9 +dx ai X a new = X a M - ±9*0+. (4.5) 

In terms of the "new" GS-like variables, one can check that 

Q' = Qrns + j> V 

= j(e s d + + e*[£n a + d9+(ds - - ^e 2t - s e abcde d a d b d c d d d e ) (4.6) 



where 



d+=p+- \e a dx a , d a = Pa - Vdx a , n a = dx a + ^(9 a d9+ + 9+d9 a ), (4.7) 



are defined like d a and II m in (|2.14|) and (|2.15|) but with 9 a \, set to zero. The operator 



of (J03) is manifestly invariant under the six supersymmetry transformations generated by 
Qa = §{Pa + \9 + dx a ) and q+ = §(p + + \9 a dx a ). 

So using the arguments of section 3, physical RNS states can be described in U(5) 
language as states in the cohomology of the operator Q16|) . After adding a topological 
sector to the U(5) formalism, it will be shown in the next subsection how to relate Q' with 
the pure spinor BRST operator Q = § X a d a . 

4-2. Super symmetric U(5) formalism 



The cohomology of Q' of (4J3) defines physical states in a manner which manifestly 
preserves six spacetime supersymmetries. As will now be shown, all sixteen supersymme- 
tries can be made manifest if one adds ten new fermionic variables and their conjugates, 
(9 a biP ab )i as well as ten new bosonic variables and their conjugates, (u a b, v ah ), to the U(5) 
variables of the previous subsection. These new variables are not related to RNS world- 
sheet variables so the BRST operator must be modified such that the new variables do not 
affect the physical states. Note that a similar trick was used in the six-dimensional version 
of the hybrid formalism where four 9 variables and their conjugates were added in order 



to make all eight spacetime supersymmetries manifest |]14 
The first step is to change the RNS action to 

1 



Su(5) = Srns + \ I d z z(p ab d9 ab - v ab du ab ) 
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so that the new variables satisfy the OPE's 



p ab (y)9 cd (z) - S[ a d b J(y - z)~\ v ab (y)u cd (z) - ^5% - z)~\ 
One now modifies the BRST operator to 

QU{5) = A°rf a + e\d a Ii a + dd+{ds - - A 8t)) + _ g 2t- S ^5 ^ 



where A Q is defined in ( |2.4j) , d a and II m are defined in ( p.!4j) and (|2.15|) , and (d) 
1 

120 



^e abcde d a d b d c d d d e . Using the OPE's of (12T51) , one can check that Q u{5) of (Q is 



nilpotent.0 It will also be convenient to modify the b ghost and ghost-number current of 
(fO|) and (0) to 

bu(5) = e~ l d + + ^v ab d9 ab , j u{5) =ds + dt+ ^u ab v ab , (4.9) 



so the stress tensor of (|4.1|) is modified to 

Tu(5) = {Qu(5),b u{5) } = T RNS - \p ab d9 ab + ^v ab du ab 

= - \dx m dxm - Pa d9 a + \v ab du ab + dtds + d 2 s. (4.10) 
It will now be shown that Qu(5) in the enlarged Hilbert space has the same cohomology 



as Q' of (4J3) in the old Hilbert space without the new variables. To relate the Qu(5) an d 



Q' cohomologies, first write 

Qu{5) = \jn abP ab + Q' + f(u ab ,e ab ) (4.ii) 

where f(u ab ,9 a b) includes all terms in Qu(5) except \ § u ab p ab which involve u ab or 9 ab . 
If (p ab i9 ab ) are assigned "charge" (—2, +2), (v ab ,u ab ) are assigned "charge" (— 1, +1), and 
all other variables are assigned zero "charge" , then the terms of ( |4.11|) are written in order 
of increasing "charge", i.e. Qu(5) = Q(-i) + Q(o) + Q(i) + ••• where Q( n ) carries "charge" 

71.0 



10 A useful trick for computations is to perform a unitary transformation analogous to ( |4.5D 
such that d a = Pa- This unitary transformation changes only the term e t d6 + (ds — jdt) to 
e t d9 + (ds — 2dt) in Qu(5) and simplifies OPE's involving d a . For example, after the transformation, 
d + (y)d a d b {z) -> (y - zy 2 d9 ab (y) - (y - zy 1 Ii [a (y)d b] (z) + d + d a d b {z). 

11 I would like to thank Edward Witten for suggesting this method for analyzing the cohomology. 
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Now consider a vertex operator Ujj^ = Ylri=c^(n) where n denotes the "charge" 
of the term U( n ) an d Urc) is the term of lowest "charge". Note that C is bounded from 
below since only variables of positive conformal weight carry negative "charge" . Suppose 
that £/t/( 5 ) is in the cohomology of Qu(5), i-e. Qu(5)Uu(5) = and 8U V ^) = Qt/( 5 )A for 
A = En A (n)- Then Q ( _i)?7(c) = and SU (C) = Q ( _ 1) A (C+1) where = \§ u ab p ab . 

So using the quartet mechanism, Urc) can be gauge-fixed to be independent of the new 
variables (u a b,v ab ,9 a b,P ab )- But since "charge" is carried only by the new variables, one 
can choose a gauge such that Urn) = if C < 0. Similarly, one can choose a gauge such 
that £7( n ) = for all n < and such that is independent of the new variables. 

In this gauge, <5(o)^(o) = an d <5£7( ) = (3( )A( ) where and A( ) are independent 
of the new variables and Q( ) = Q' ■ In other words, £/"( ) describes states in the cohomology 
of Q' in the Hilbert space without the new variables. Finally, it will be shown by induction 
that all terms Ui n ) for n > are determined by £/( ) up to a gauge transformation. 

Suppose that U/ n ^ is known for < n < M. Then Q(-i)Qu(5)Uu(5) = implies 
that Q(-i)E n=0 Q(n)U(M-n)) = 0. But since Q(-i) = \ § u a i,p ab has trivial cohomol- 
ogy at non-zero "charge", there exists an operator U(m+i) satisfying Q(-i)UrM+i) — 
~Yln=oQ{n)U{M-n) which is uniquely determined up to the gauge transformation 
5U(m+i) = Q(-i)A(m+2)- Similarly, all terms Ur n \ for n > are determined by £7( ) 
up to a gauge transformation. This completes the proof that the cohomology of Qu(5) of 
( p~8l ) in the enlarged Hilbert space is equivalent to the cohomology of Q' of ( }4.6| ) in the 
Hilbert space without the new variables. 

4-3. Similarity transformation 

The next step in relating Q' and Q = § X a d a is to find a similarity transformation R 
such that e~ R Qui^e R = § \ a d a where A° is defined in ( |2.4j ). This similarity transforma- 
tion is 

R = j{e t+s g a Ii a - -e^etgaUbcdade) (4.12) 
where g a is defined to be any function of u a b which satisfies 

\e abcde g a u bc u de = 1. (4.13) 

o 

To preserve ( |4.13|) , g a is defined to satisfy the OPE 

9a (y)v bc (z) - i(y - z)- x e hcd ^g a g d u e! {z). (4.14) 
14 



For example, if e abcd5 u a bU c d is non-zero, one can choose g a = 8 8^ (e 6cde5 Wb c Wd e ) _1 , which 
can be checked to satisfy ( (4.14 ). Note that ( 4.13 ) has no solutions if all five components 
of e ahcde ui, c Ude are zero, i.e. if A a = 0. As will be discussed in subsection (5.2), this creates 
subtleties when using the similarity transformation of R to relate U(5) and pure spinor 
vertex operators. To check that e~ R Qu^e R = § A°<i a , note that 

[R, \ a d a ] = e\d a U a + d9+(ds - - A dt)) + ^-'e^uabdcdade, (4.15) 
[R, [R, \ a d a ] ] = -2e 2t ~ s (df, and [R, [R, [R, X a d a ] ] ] = 0. 

So the RNS operator Q' = Qrns + § V has been mapped to the pure spinor operator 
Q = § \ a d a using a field redefinition and similarity transformation. In the next section, 
this map will be used to relate vertex operators and tree amplitudes in the two formalisms. 



5. Relating the RNS and Pure Spinor Vertex Operators 

5.1. Relating RNS and U(5) vertex operators 

As discussed in subsections (4.1) and (4.2), the RNS worldsheet variables can be 
related by a field redefinition to the GS-like variables (x m , 6> + ,9 a ,p + ,p a , s, t), which can 
then be covariantized by adding the "topological" variables (8 a b, p ah , u a b, v ab ). Physical 
states in this U(5) Hilbert space are defined as states in the cohomology of Qu(5) of ( f4.8|) . 

As was shown in subsection (4.2), any physical RNS vertex operator Urns can be 
mapped to a vertex operator Uxjt^s in the cohomology of Qu(5) by using the field redefinition 
to write Urns m terms of U(5) variables and defining Ujj^ = Urns + --- where ... involves 
operators of positive "charge" which are determined by Urns up to a gauge transformation. 
Similarly, any physical vertex operator Uurs) can be mapped to a vertex operator Urns 
in the cohomology of Q' = Qrns + § V by first choosing a gauge in which Uu^\ has no 
operators with negative "charge". One can then define Urns as the operator in Uu(5) 
with zero "charge" and use the field redefinition to write this operator in terms of RNS 
variables. 

In order to complete the map between physical RNS and physical pure spinor vertex 
operators, one therefore needs to find a map between physical U(5) vertex operators and 
pure spinor vertex operators in the cohomology of Q = § \ a d a . 



12 These subtleties are reminiscent of the subtleties with the A a parameterization of (|2.4| ) when 
A + = 0. Perhaps these subtleties can be avoided by using transition functions to relate different 
patches of X a space in a manner analogous to the conventional treatment of Penrose's twistor 
space [15|. 
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5.2. Relating U(5) and pure spinor vertex operators 



Although Q = e R Qu(5) eR where R is defined in ( |4.12[ ), this similarity transformation 



cannot be directly used to relate physical pure spinor and U(5) vertex operators by U = 
e~ R Uu^)e R and Uu(h) = e R Ue~ R since R does not preserve the relevant Hilbert spaces. 
Note that both the U(5) and pure spinor Hilbert spaces consist of functions constructed 
from the variables (x m , #°,p a , s, t, w a &, v ab ). However, vertex operators in the pure spinor 
Hilbert space are required to be Lorentz-covariant functions of (s, t, w a &, v ab ), i.e. functions 
which are polynomials in A Q ,iV mn and dh of (|2.4j), (|2.7), and ( |2.12|) . But e~ R Ue R does 



not necessarily have this property since Qu(5) an d R are not Lorentz invariant. Also, 
vertex operators in the U(5) Hilbert space must be independent of g a so that they are 
well-defined when e abcde Ub c Ude = 0. So because of explicit g a dependence in R, e R U e~ R is 
not necessarily an allowable U(5) vertex operator. 

Although Qu(5) and R are not super-Poincare invariant, they are manifestly invariant 
under all sixteen spacetime supersymmetry transformations and under a U (5) subgroup of 
the (Wick- rotated) SO (10) Lorentz transformations. It will be convenient to define oper- 
ators which transform covariantly under this subgroup of super-Poincare transformations 
as "almost super-Poincare covariant" operators, or ASPC operators for short. 

It will now be conjectured that for each physical pure spinor vertex operator U, one 
can define a physical U(5) vertex operator Uu($) by 

Uu(5) = e R Ue~ R + Q u(5) n (5.1) 

where O is some ASPC operator which is allowed to depend on g a . Furthermore, it will 
be conjectured that different ASPC choices for O only change Uu{5) by a U(5) gauge 
transformation, i.e. by Qu(5)^U(5) where A[/( 5 ) is independent of g a . 

It is crucial that O is restricted to be an ASPC operator since otherwise, the map 
could relate physical vertex operators with BRST-trivial vertex operators. For example, 
Qu(5)Uu(5) = implies that Ujj^ = Qu(5)(~e s 9 a g a Uu^)) and QU = implies that 
U = Q(e~ s 9 + U). But e s a g a Uu^ and e~ s 9 + U are not ASPC operators since they con- 
tain explicit dependence on 9 a zero modes. Note that to transform covariantly under 
spacetime supersymmetry, the ASPC operator O must be constructed from products of 
spacetime-supersymmetric operators and covariantly transforming spacetime superfields 
which appear in U . 
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Since R is proportional to e and and pure spinor operators U have no e dependence, 
one can always choose of ( |5.1|) such that it has only positive powers of e*. In this case, 

U u{5) =U + Uaspc (5.2) 

where U is a physical pure spinor vertex operator and Uaspc is an ASPC operator which 
is independent of g a and contains only positive powers of e t . Any physical U(5) vertex 
operator of the form of ( |5.2| ) will be called a "special" U(5) vertex operator. 

Since the RNS and pure spinor cohomologies were shown to be equivalent in [[|, the 
conjecture of (|5.1| ) implies that any state in the cohomology of Qu(5) can be represented by 
a "special" U(5) vertex operator.lll Furthermore, the conjecture implies that any two "spe- 
cial" vertex operators with the same pure spinor vertex operator as their eMndependent 
component are related by a U(5) gauge transformation. So the conjecture of ( |5.1| ) not 
only implies a map from physical pure spinor vertex operators to physical U(5) vertex 
operators, but also implies (with the exception of the zero momentum state mentioned in 
footnote 13) a map using (|5.2|) from physical U (5) vertex operators to physical pure spinor 
vertex operators. 

Evidence for the conjecture of ( |5.1[ ) will now be obtained by explicitly constructing 
"special" U(5) vertex operators for the physical massless states and by using the property 
that "special" massive vertex operators can be obtained from the OPE's of "special" 
massless vertex operators. 

5.3. "Special" massless vertex operators 

In the pure spinor formalism where Q = § \ a d a , the physical unintegrated massless 
vertex operator of ghost-number +1 is U = \ a A ce (x,9) where D( a Ap) = 7™nB m and 
D a B m — d m A a = 7™g W@ . To compute £/f/(5)) it will be convenient to first use the gauge 
invariance b~A a = D a A to gauge-fix A a = 0. In this gauge, 

e R (X a A a )e- R = e R (e s A+ + l -u ab A ah ) e - R (5.3) 

= e s A+ + X -u ah A ah - ^e^etgaUbcdjUefBf - ^e abcde d(e t g a u bc )u de W+ 

13 More precisely, the cohomologies at non-zero P+ were shown to be equivalent. As will be 
discussed in section 6, the RNS cohomology has an extra zero-momentum state at ghost-number 
— 1 which cannot be represented by a "special" U(5) vertex operator. 
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+e s+i (-e abcde g a u bc W de + -g a u bc d a A bc ) + -e 2t e abcde g a u bc d d d e W+ + e 2t+s g a d a W+ 

= e s A+ + \u ab A ab + e\d a B a + d(s - 2t)W+) + Q u{5) (e t+s g a B a ), 

where A a , B m and W a have been written in terms of their £7(5)-irreducible components. 

So for massless states, the conjecture of ( |5.1| ) has been confirmed where in the gauge 
A a = 0, U u{5) = \ a A a + e\d a B a + d(s - 2t)W + ) and O = e t+s g a B a . To construct U u{5) 
in other gauges, use the fact that 8Uu(s) = <5c/(5)A where SA a = D a A and SB m = d m A 
to learn that 

U u{5) = X a A a + e\d a B a + d(s - 2t)W+) + lim : e t U a (y)A a (z) : (5.4) 

y^z 

+ lim : -e^e^u^dJa^A^z) : - lim : ±-e 2t - s e abcde d a d b d c d d (y)A e (z) : 

where lim y ^ z : f(y)g(z) := § dy(y — z)~ l f(y)g(z). Note that up to normal ordering, 
Uu(5) °f ( fOD can be obtained from Qu(5) of (|4.8[) by replacing 

d a ^d a + A a , n m ^n m + s m , and de a ^de a + w a , (5.5) 

as was suggested in ||. 

As will be shown in subsection (6.2), the massless integrated U(5) vertex operator 
V[7( 5 ) can be obtained from Ujj^ of ( |5.4| ) by 

J V ui5 ) = J [(bu(5))-iU u{5) + Qu(5)((bu(5))oV)} (5.6) 

where (&j/( 5 ))_i and (6{/(5))o are modes of the U(5) b ghost of (6.1) and V is the pure 
spinor integrated vertex operator of (|2.17|) . One can check that Vu(5) is a "special" U(5) 
vertex operator satisfying Qu{b)Vu{b) = ^^[/(5) whose e t -independent component is V of 

By taking suitable OPE's of V[/(5) and Ujjr^ of ( |5.6|) and (|5.4|) , one can also construct 
"special" U(5) vertex operators for massive states. For example, vertex operators with 
(mass) 2 = N can be obtained by taking the contour integral of Vu(5) around Uu(h) where 
the momenta k m and l m of these two vertex operators are chosen to satisfy (k + I) 2 = N. 
It might be possible to use such a construction to confirm the conjecture of ( |5.1| ) for all 
massive states. 
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5.4- Equivalence of tree amplitudes 

Using the results of the previous subsections, it will now be shown that the RNS and 
pure spinor tree amplitude prescriptions are equivalent. Using RNS vertex operators in the 
cohomology of Q' — Qrns + § Appoint tree amplitudes can be defined by computing 
the correlation function 

Arns = J dz 4 ...dz N ( Ui(zi) U 2 (z 2 ) U 3 (z 3 ) J dz^V A {z A )... J dz N V N (z N ) ) (5.7) 

where U r are dimension-zero vertex operators satisfying Q'U r = and V r are dimension- 
one vertex operators satisfying Q'V r = dU r . 

Normally, one uses the normalization that (cdcd 2 ce~ 2( ^) = 1, but such a normalization 
would break gauge invariance since it implies that the amplitude vanishes unless the sum 
of the pictures of the vertex operators is —2. So it will instead be convenient to use the 
normalization prescription that 

(cdcd 2 ce- 2 * + Q'A) = 1 (5.8) 

for any gauge parameter A. For example, (cdcrj) = (cdcd 2 ce~ 2( ^ + Q' (^cdcd 2 ce~ 2< ^)) = 1 
using this normalization. Note that this normalization prescription is invariant under 
picture-changing and agrees with the standard prescription when the sum of the pictures 
of the vertex operators is —2. 



To explicitly compute fl5.7j) with the normalization of (5Ji), use the free field OPE's 
to write Arns = / dz±...dzN{f {z\)) where f{z\) is some operator located at the point Z\. 
Since the external vertex operators are BRST invariant and cdcd ce~ 2 ^ is the only non- 
trivial element in the cohomology of Q' at ghost-number +3, / = cdcd 2 ce~ 2 ^F(z r , k r , rj r ) + 
Q'(A(zi)) for some gauge parameter A(zi) and for some function F(z r , k r ,rj r ) which de- 
pends on the external momenta and polarizations. So Arns = / dz4...dzNF(z r , k r , r) r ). 

To compare with the pure spinor tree amplitude prescription of subsection (2.3), use 
the results of the previous subsections to map the RNS vertex operators of ( |5.7| ) into the 
pure spinor vertex operators of (|2.18| ) . Under this map, one can check that the RNS oper- 
ator cdcd 2 ce~ 2< ^ gets mapped into the pure spinor operator (9 , y' mnp 9)(X'j rn 9)(Xj n 9)(X'y p 9) 1 
which is the unique ghost-number +3 element in the cohomology of Q = § X a d a . So 
the RNS normalization of ( |5.8| ) coincides with the normalization prescription of ( |2.20|) , 
implying that the tree amplitude prescriptions are equivalent. 
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6. Pure Spinor 6 Ghost 

As mentioned earlier, there is a ghost- number —1 operator in the RNS cohomology, 
J d 2 z n(z) bnNs(z) where (i(z) is a Beltrami differential, which has no super-Poincare 
invariant counterpart in the pure spinor cohomology. This operator is in the RNS coho- 
mology because its anticommutator with Qrns is / d 2 z fi(z) Trns(z), which is a total 
derivative in the moduli space of Riemann surfaces. 

Although there are no super-Poincare covariant operators of negative ghost number, 
the conjecture of ( |5.1| ) implies that the OPE of this operator with any physical state of 
positive ghost number can be expressed as a super-Poincare covariant pure spinor vertex 
operator. As will now be shown, one can define a pure spinor version of the b ghost which, 
although not super-Poincare invariant, can be used to construct pure spinor integrated 
vertex operators from unintegrated operators, to convert pure spinor string antifields into 
fields, and to define pure spinor tree amplitudes in a worldsheet reparameterization invari- 
ant manner. It is hoped that this operator will also be useful for defining loop amplitudes 
using the pure spinor formalism. 

6.1. Construction of the pure spinor b ghost 

To express the b ghost in pure spinor language, it is useful to first remove all negative 
powers of e* from the 17(5) version of the bn^s ghost of (|4.9| ) by adding the BRST-trivial 
operator Qu(5)(~ e~ s ~ l ). With this modification, 

b u(5) =e- t d + + ^v ab de ab + Q u(5) (-e- s - t ) (6.1) 

= e- s {dJT + d(s - t)d6 + - ]d 2 6+) + \v ab d6 ab + e*- 2s (d) 5 . 
Although 6(7(5) is an ASPC operator, its eMndependent component is not Lorentz 



invariant so 6[/(5) is not a "special" 17(5) vertex operator as defined in (|5.2[ ). Nevertheless, 
it will be useful to define the pure spinor version of the 6 ghost to be the eMndependent 



component of (|6.1|) , i.e. 



6 = e~ s (d a U a + d(s - t)dd+ - \d 2 9 + ) + -v ab d9 ab . (6.2) 

It is interesting to note that 6 can also be written as lim^^ : e~ s ^b + (z) : where b + is 
the Is component of the covariantly transforming spinor 

b a = ll^d p U m + ^ mn ) a pN mn d9P - - A 8 2 6 a + Uh86 a (6.3) 
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and lim y ^ 2 : : is denned as in ( |5.4|) . One can check that {Q,6 a } = \im y ^ z : X a (y)T(z) 



where T is defined in (|4.1J ), so {Q, b} = T as desired. 

If C/[/(5) is a physical U(5) vertex operator of positive ghost number N, then 
(f fx bu(5))Uu(5) is an ASPC physical vertex operator of ghost number N — 1. Although 
(/ |U &c/(5))^ r (7(5) is not "special" since its e t -independent component is not a pure spinor 
vertex operator, the conjecture of ( |5.1| ) implies that it is related to a "special" U (5) vertex 
operator Vu($) by an ASPC gauge transformation, i.e. 

Vu(s) = (J H bu(5))Uu(5) + Q[/(5)A[/( 5 ) (6.4) 

where Ajj^ is an ASPC operator. Taking the eMndependent component of (|6.4|) , one 
learns that for any pure spinor vertex operator U at ghost number N, there exists an 
ASPC operator A such that 



V = (/ iib)U + QA (6.5) 

where Visa physical pure spinor vertex operator of ghost number N — 1 .0 This property 
will now be used to relate physical pure spinor vertex operators of different ghost numbers. 

6.2. Integrated vertex operators from unintegrated operators 

In bosonic and RNS string theory, one can use the 6_i mode of the b ghost to construct 
ghost-number zero integrated vertex operators from ghost- number +1 unintegrated oper- 
ators. The only new feature in the pure spinor formalism is that b is not super-Poincare 
invariant, so one needs to perform an ASPC gauge transformation as in (|6.5| ) in order that 
the resulting integrated operator is super-Poincare covariant. 

It will now be shown that when there exists a super-Poincare covariant operator V 
which is a dimension one primary fieldB satisfying QV = dU, the ASPC gauge parameter 
A satisfying (|6.5|) can be chosen as A = f boV. To prove this, note that 

j Q(b V) = J (T V + b dU) =J(V- 6_if7 + d(b U)) =J{V- &_i*7) (6.6) 

where To is the zero mode of the stress tensor which satisfies TqV = V for dimension one 
primary fields. So J V = f b-xU + QA as desired. 



14 Note that the RNS and pure spinor ghost numbers coincide since after including the topo- 
logical sector, the RNS ghost charge is §{cb + r]^+ \u a bV ab ) = § (ds + dt + \u a bV ab ). When acting 
on pure spinor states (which have no e* dependence), this ghost charge is equivalent to the pure 
spinor ghost charge 2 <f> dh = <f>(—3ds + dt + \u a bV ab ) which was defined in subsection (2.1). 

15 For the dimension one massless vertex operator of ( [2.17 ), V is primary when A a is in Lorentz 
gauge, i.e. ^8 m D a A p = 0. 
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6.3. Fields and antifields 

In bosonic and RNS string theory, the presence of the b zero mode implies that there 
is a doubling of the cohomology at ghost numbers +1 and +2 where the ghost number +1 
states are associated with the string field U and the ghost number +2 states are associated 
with the string antifield U*. In the gauge where the antifield U* is annihilated by Tq, boll* 
is a physical ghost number +1 field. This procedure can be applied to the pure spinor 
formalism with the only new feature being that boll* is only super-Poincare covariant 
after performing an ASPC gauge transformation as in (|6.5| ). 

For example, for physical massless states, the pure spinor ghost number +2 vertex 
operator is 

U* = (\~/ mnpqr \)C mnpqr (x, 9) (6.7) 
where C mnpqr (x, 9) is a five-form superfield. U* is annihilated by Q if 

X a (Xl mnpqr X)D a C mnpqr = 

for any pure spinor A a , which implies that 

l™aP r D -l) C mnpqr = 7(a/3#7)™ ( 6 - 8 ) 

for some H im . Furthermore, SU* = QQ implies the gauge transformation 

^C^mnpqr (SYmnpqr) -D a K.p (6.9) 

where O = A a A a . To this author's knowledge, this is the first time that super-Maxwell 
antifields have been described in d = 10 super space. 

To perform a component analysis of C mn p qr , it is convenient to choose a gauge in 
which the lowest component of C mnpqr is cubic in 9 a . In this gauge, 

C mnpqr = (9 1[mnp 9)(9 %r] ) a r a (x) + (01imnp0)(0%r] s e)a* s (x) + ... (6.10) 

where (x) is the antifield for the photino tfj a (x), a* s (x) is the antifield for the photon 
a s (x), and all component fields in ... can be expressed in terms of ^« and a* s . These 
antifields satisfy the equation of motion d m a* m = with the gauge transformations 

5a* m = d n (d m u n - d n uj m ), <ty* = i^ p d m ^ (6.11) 
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where u m and <§P are gauge parameters. As usual, the gauge transformations of the 
antifields are related to the equations of motion of the corresponding fields. It is interesting 
to note that, up to proportionality constants, 



(U*U) = j d 10 x(a* m (x)a m (x) +i(j* a (x)i; a (x)) (6.12) 
where U and U* have been gauge-fixed to the form 

U = X a A a (x, 9) = (\ 7 m 6)a m (x) + (A 7 m ^)(^ 7m ) a ^(x) + 
U* = (X 1 mn ^ r X)C mnpqr (x,9) 

= (x 7 m e)(xro)(e lmn rr a (x) + (A 7 ™0)(A 7 n 0)(07mn P 0K p (z) + 



and ( ) is defined using the zero mode prescription of (|2.20|) . 



6.4- Reparameterization invariant tree amplitude prescription 

In bosonic and RNS string theories, one can compute iV-point amplitudes in a world- 
sheet reparameterization invariant manner by defining 

N-3 . 

A = < II ( / Vs(z s )b(z s ))U 1 (y 1 )...U N (y N )) (6.13) 

8=1 "* 



where U r are unintegrated ghost-number zero vertex operators. The integrand of ( |6.13| ) 
coincides with the integrand of (|5.7|) when the — 3 Beltrami differentials fj, s are chosen 
to correspond to N — 3 of the y r 's, and differs by a BRST-trivial operator for other choices 
of the Beltrami differentials. 

The reparameterization invariant prescription of ( |6.13| ) can also be used in the pure 
spinor formalism, but the normalization prescription of ( |2.20| ) cannot be directly applied 



since the integrand of (|6.13|) is not manifestly super- Poincare covariant. To define an 



appropriate normalization prescription which will be denoted by ( )aspCi use the free- 
field OPE's of section 2 to write 

A = J d 2 Zx... J d 2 z N - 3 {f(z s ,r) r ,k r )) A spc (6.14) 

where f(z s ,r) r ,k r ) is some ghost-number +3 operator constructed from ASPC combina- 
tions of the spacetime superfields appearing in the external vertex operators. Since / is 
BRST invariant, the conjecture of ( |5.1[ ) implies that 

f = U + Qfl (6.15) 
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where U is a super-Poincare covariant operator and is some ASPC operator constructed 
from supersymmetric combinations of the spacetime superfields appearing in the external 
vertex operators. 

The normalization prescription ( ) aspc wm be defined such that for any ASPC gauge 
transformation Q, 

(U + QQ) aspc — (U) (6.16) 



where ( ) is defined in (|2.20|) . In other words, to apply the normalization prescription 
of ( )aspc, one has to first remove the non-Lorentz covariant part of the integrand by 



performing an ASPC gauge transformation. The conjecture of ( |5.1| ) implies that this 
procedure is unambiguous since different choices for the ASPC gauge transformation only 
change the super-Poincare covariant part by U — > U + QA where A is a pure spinor gauge 
transformation. But as was shown in ( |2.21 ), (U + QA) = (U) when U and A are super- 
Poincare covariant operators. 



7. Open Problems and Speculations 

In this paper, the pure spinor formalism for the superstring was related to the RNS 
formalism by finding a field redefinition and similarity transformation which maps the pure 
spinor BRST operator into the sum of the RNS BRST operator and 770 ghost. Although 
this map can be used to relate vertex operators and tree amplitudes in the two formalisms, 
there remain at least three open problems which need to be resolved before claiming a 
proof of equivalence of the two formalisms. 

Firstly, because the similarity transformation R of ( 4.12 ) involves inverse powers of 
u a b, it was necessary to conjecture in ( |5.1|) that there exists an ASPC gauge choice for 
physical vertex operators in which these inverse powers of u a j, are absent. Although evi- 
dence was presented in support of this conjecture, an explicit proof is lacking. Secondly, 
the hermiticity definition for RNS operators was not shown to coincide with the rather 
unusual hermiticity definition for pure spinor operators which was discussed in subsection 
(2.2). And thirdly, it was not yet shown how to use the ASPC b ghost of (|6.2| ) to define 
pure spinor loop amplitudes which coincide with the RNS loop amplitude prescription. 

An interesting feature of this paper is the important role of ASPC operators, i.e. 
operators which transform covariantly under all supersymmetry transformations and under 
U(5) Lorentz transformations. A better description of these operators, perhaps using a 
harmonic superspace, might help to resolve the above open problems. For example, it 
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might be useful to introduce a second pure spinor variable A into the pure spinor Hilbert 
space where A is defined to be the hermitian conjugate of A a . One could then describe 
ASPC operators as pure spinor operators with non-trivial dependence on A . This would 
make the formalism resemble the N = 2 twistor string considered in ]16|] and [17| where A a 
and \ a are pure spinor twistor-like variables satisfying the condition Yl m = A a 7^A^ [ 18[] . 
It is interesting to note that the fermionic N = 2 superconformal generators in the N = 2 
twistor string formalism are G+ = \ a d a and G~ = A d a . Since § G + can be interpreted 
as the BRST charge, it might be possible to interpret A d a as the ASPC b ghost. 
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